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ABSTRACT

In 1967 Lumley proposed aa approach to the
objective detormination of coherent structures., The
method uses an orthogonal deocomposition to extraoct
sigenvectors from two point velocity measurements, the
lowest order sigenveotor representing the largest
structuse. If the flov is homogensous, stationsary or
periodic the gemsral orthogons]l decomposition reduces
to the familiar hazmonic decomposition,

~ In the current work experimeats were performed
‘in the mixing layer of the axisymmetric turbulent jeot
at x/D=3, These latest experiments extend the earlier
work (Glauser and George 1986) to imoclude the radial
velocity componeats. The results proseated here show
the existence of asnazimuthal ooherent ring-like
structure, dominated by the axisymmetric mode near the
potential core but with the fourth, fifth and sixth
modes dominating from the center of the mixing layer
and outward tovazrd the lov-speed side of the mixing
layex. The Reynolds stress azimuthal correlations and
their breakdown into aximuthal modes show that the
incoherent turbulence is transported to the comter of
the coherent struoture as suggested by Hussain (1986).
The results are shown to be consisteant with the vortex
ring—type instability investigated by Widnall and
Sullivan (1973).

NOMENCLATURE

Au Az imuthal Complex Coefficients
Bu A summed over frequency
Y M{-uthul Mode Number
Velocity Correlation Teasor
Radial Distance Across Jet Mixing Layer
- Time
Velocity Vector
Inhomogoneous Spatial Veotor
Azimuthal Angle in Jet (\
Eigenvalues \
Cross Spectral Temsor
Eigeavectors
Eigeanvectors in Transformed Domain
Frequeancy
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INTRODUCTION

The earliest investigations of the statistical
characteristics of the turbulence in an axisymmetric
jot mixing layer were carried out by Laurenmce (1956),
Davies, Barratt and Fisher (1963), and Bradshaw,
Ferris snd Johuston (1964), Qualitative models for
the large scale structures in a number of turbuleant

n

flows were formulated by Grant (1958) and Towusend
(1956,1970)., Crow and Champagne (1971) found
identifiable structures in & jet which resembled large
scale vorticsl puffs.

While the precise role of the eddies in the
dynamics of the flow has mot previously been
ostablished, they are suspected or being responsible
for the entrainment process in addition to acting as
sources of noise, For & review ot some of the more
recent work om coheremt structures seo Cantwell
(1981), Hussein (1986).

The use of the proper orthogonal decomposition in
the idontification of coherent structures was first
proposed by Lumley (1967) to help identify them in an
unambigious manner. An oxperimental program has becn
underway st the Turbulence Rescarcn Laboratory of the
University at Buffalo/SUNY to attempt to gencrate
sufficient dsta in the turbulent axisymmetric jet to
apply the aforementioned decomposition, This program
has been performed in phases. The first phase
(Glauser ot al. 1985, 1987 and Leib et al. 1984)
involved measuring simultaneously the instantancous
streamwise velocity at 7 radial locations across the
shear layer at x/D=3, The second pnase (Gluuser and
Goorge 1986) involved adding the azimuthal variation
to the problem of phase 1. The third panase, which is
the subject of this paper, involves adding the radial
component of velocity to the problem of phase 2.

The present eoxperiment has genersted radisl and
streamwise cross—spoctral data at 8 radial positions
and 25 azimuthal positions in the jet mixing layer at
x/D=3., Thoso roesults sre compared with those o1
Glauser and George (1986),

EXPERIMENT AND APPARATUS

The experiment was performed in a circular air
jet facility., The jet nozzle was of fifth order
polynomial design and has an exit dismeter of 0.098m
with a contraction ratio of 10:1, The exit comditions
of the jet were as follows: The turbulemnce intensity
was 0,35%, the Reynolds number was 110,000 and the
boundary layer thickness at the exit (U= .99 Uo) was
0,0012m, 7Two specially—-designed probes containing 4
cross-wire sensors cach were situasted at x/D=3, The
individual sensors (on each rake) were spaced 0.012a
apart radially. Mossurements were made at 8 radial and
25 azimuthal positions, 1024 time points were taken
for each channel giving a time record length of one-
half second., 300 such time records were taken at esch
azimuthal and radial position to imsure proper
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From this dats base Ry, (r,2',%,0), Ry (r,2',v,0) and
Ry, (r,r',%,8) could J‘)o computed. z.ﬂu symmetry

properties of RiJ were utilized to obtain Ry;.
THE ORTHOGUNAL DECUMPOSITION

Ia 1967 Lumloey proposed that the coberent
structure should be that struoture which has the
largest mean square projection on the velocity field.
If ¢ (x.t) is our candidate structure, then { should
be chosen to maximizse

In - al = [a]3 o)

where § = 3 (x.t) is the instantaneous velocity. The
above expression is assumed to be normslizoed by the
modulus of § so that (1) depends only oa the degree of
projection and not the magnitude. Q is then, in the
averaged mean square sense, the most likely occurrence
of Re

Nazimizing Ig . Ql' leads to the following

iategral eigeavalus problem:

55 Bij(x.x'st,t') d("’l(;'.t)d;'dt' - L(‘)Qi(;.t) (2)

where xu(;.;'.t. t') = u (g.t) By (x'.t")
and L = |a]s,

The Orthogonal Decomposition Theorem reduces to
the Harmonic Decomposition Theorem if the direction is

stationary, bomogeneous or periodiec, This implios
that these directions must first be removed by Fourier

analysis,

In the axisymmetric jet being studied the time
‘direction’ is stationary and the szimuthal direction
is periodic as well as symmetric so that Ri in
cquation (2) breaks down ia the following luiiner.
First the time direction is removed by using the
Fourier transform resulting in

Rij (£, £':0,t) > éij ({o % 0,0) (3)
where §U is the ctou-spcottai t.onsor.

A further decomposition (of the cross-spectral
tensor now) over the periodic and symmetric direction
gives

<

@u (x.2',0,0) = >0A”(;,.;'.0.l)cou no 4)

n= -

where m is the szimuthal mode number and the complex
coefficionts of the above series are dofined by

x
Ayt =2 T8, (ate.w a0 (5)
0. .
and by
. n
Ay (x,x'.0,m) = 2/x I§“ (x,%x'.0,0)cos m6do (6)
°. .

Now the inhomogeneous direction must t;c docomposed by
using Ay; ia equation (2),

I A‘J (l:"o“v.) 'J (‘)("l“l-)d“

o = 3 (®) (w,m) 'i(n)(;,.;u.l). (&)]

The eigenvalues have nov b.OAOI. azimuthal mode
number dependent sigenspeotra

dependent

di‘n) (x» t) —» ti(n) (x,w,m). (9

THE PROBLEM SOLVED

A version of the orthogonal decomposition whican
utilizes the streamwise and radial velocity
moasurements from the jet canm be formulated as

Ayglz.rto0,m) Agytx, t';lﬂ:ll-)l dg")(x".u.m)

dr’
Azl(rvr' ¢0,II) .Azz(l’,r' .U,III) 0{"(:' ,w,u)
R ﬁ{")(r.w.n)
=20y, m) (10)
ﬁgn) (r,0,m)

where £ is the radius in the jet mixing layer. Using

the measured values of Ay, A1 B A2h and A, equation
(10) can be solved nmumerically iot the cigenvalues and

eigonfunctions (Glauser ot al. 1987).
RESULTS OF THE AZINUTHAL DECOMPOSITION ANALYSIS

Before looking st the results of the orthogonal
docomposition in the inhomogenoous direction (equation
10) the breakdown into azimuthal =modes warrants
examination, Writing equations (5) and (6) for Ay
(tho same approach applies for A12' A21 snd AZZ)‘

1 n
Ay (r,¢',u0,0) --“5 éll (r,r',0,0) d6 (11)
.0

and

2 n
All (!yt':ﬂhl‘) - -ﬂ 5°¢11 (t'r'.lﬂ;e) cos m6do (12) v

if both sides of (11) and (12) are summed over w taey
become respectively
1 n
Byylr.e',0) == { ®yy (rrr.0200
)
and

Byy (r,7',m) = "-2( jl Ryy (r,2',0 cos m&dO
°

where Rll(t.t'lo) - 2@11 (r,2,0,0)
w

- u(r’,0,) u(r',0  + 46)

and 811 (t.r'.n) - 2 All (tn"nnn“)-
w

Ry (r,z’,0) can be reconstructed from the Bn(t,t',m)
as,

N-1
By (z,1',0) = ) By (r,r’,m) cos m0,
w=0

Equations, similar to the above are also written
for A 2° A21 and Azs. hence the corresponding K;,,
Ba1+ B33+ ByaeByy e8¢ Byye

It is usoful to set r = r’ so that Byy, B,,, By
R}lz, etc, can be plotted for each radial position in
the jet mixing layor, Selected cxamples of these are
plotted in figures 1-8, The following progression
across tho jet mixing layer begius necar the potential
core and progresses towards the low speed side of the
shear layes,



is clearly a strong correlation over the entire 180
dog. span. The correspondimg By,(m) is plotted in
Figure 1(b). The Oth mode (axisymmetric mode) can be
ssen to contain most of the energy indicating s stromg
ring-like structure at this positioa,

Figure 2(a) shows measurements of nn(o) at the
same radial position as above. The radisl ocorrelation
‘is seen to o to zero at 90 deg. and then bocomes
negatively correlated. The corresponding Bzz(-) is
plotted in Figure 2(b). The 1st mode can be seen to
dominate in this case. This would indicate either
that the ring~like structures flap back and forth or

that they are tilted slightly.

Figure 3(s) shovs moasurements of R, ,(8) at the
same radial position as the above. There is clearly a
strong correlation over the entire 180 deg. span much
the samu 83 was seen in Figurel', Figure 3(b) shovs
the correspondiag By,(m).

Ihe Centexr Region of the Mixiag laver

Figure 4(a) shovs messurements of R,;(0) at s
position on the high speed side of the shear layer at
£/D=0.35, The correlation falls off much more rapidly
than that seen in Figure 1(a) indicating the presence
of substantially much smaller soale turbulence. The
corresponding B;,(m) is plotted in Figure 4(b). The
Oth mode again dominates but in addition there appears
another peak around the 4th, Sth or 6th mode,

Figure 5(a) shows measurements of Iz (6) at the
samo radisl position as the above at r/D-&.SS. This
correlsation does not go negative like the 8121 did ia
Figure 2(a), The corresponding By,(m) is plotted in
Figure 5(b), Here the Oth mode comes into play aloag
with the lst mode as opposed to what was seen in
Figure 2(b) where only the 1lst mode dominated.

Figure 6(a) shows measurcments of 21 at the same
radial position as the asbove at tl’b-0.35. An
interssting thing bappens here in that the correlation
falls off very fast indicating the predominance of the
small struoture at this positionThis is also seen by
examining 312(0) shown in Figure 6(b) where the
breakdowvn versus szimuthal modes is seen to be broad
band with no distinot peaks, This is quite distinet
from the cors region where the Reyunolds stress is
dominated by the Oth mode. The R;,(0) and By,(m) st
r/D=.46 show much the same characteristics as those st
r/D=0.35.

Figure 7(a) shows measuremonts of B;,(0) at s
position just to the high speed sign of the cemter of
the mizing layer, at r/D=,46. The corzrelation falls
off very rapidly. The corresponding B;;(m) is plotted
‘in Figure 7(b). An interesting phenomens ocours at
this position. Instead of the Oth mode dominatiang as
was soeen in Figures 1 and 4, there is a shift hese to
the 4th, Sth snd 6th modes.

Figure 8(s) shows measurements of 212(0) at s
position just to the low speed side of the center of
the jet snear layer at £/D=0,57. Note that thezs is
measurable correlation seen., The corresponding Blz(-)
is shown in Figure 9(b). Note the preference for the
4th, Sth and 6th modes. Countrast theseo with those
from Figure 6.

The results for @), ), (0) and B,,(m)
at r/D=0.57 are -nohnutho 3210 as tzou shonzlz in
Figures 7 and 5 respectively. R,,(0) and Bu(m) were
the oaly correlations to show li;nfucant changes from
r/D=.46 as seen by comparing Figures 6 and 8. The
romaining corrslations at the other positions in the

-mixing layer, £/D=0,68, £/D=0.79 and r/D=0.9 are not
plotted dus to lack of space but they also exhibit the
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44¢ inadmogencous provicem was solved using
Lumley% Orthogonal Decomposition., For each mode
number frequoncy combination (Equation 10) was solved
numerically usiang the measured values of
All(t.t'.u,n). Ayolr,z',0,m), Ayi{r,r',0,m) and
Agg(r,x',w,m). Theé numericas approximation to (10)
was discussed by Glauser et al. (1987).

The first three eigenspectra for modes 0 and 1
are shown plotted in Figures 9 and 10. The first
eigenspootrum for each modo is seen to dominate (this
was the case for the romaining modes also) indicating
that one term is adoquate, for the description of the
large oddy, iam the inhomogenscous directions. This is
the same rosult seen in the carlier work (Glauser et
al, 1985: 1931)-

An additional interesting result can be seen by
exsmining Figures 9 and 10, The peak or A*(w, 0) in
Figure 9 is socn to correspond sapproximately to an
exit Strouhal aumber equal to 0.45 (95 Hz). This is
higher than the value of 0.3 which is given by some
authors (seo for example Crow and hampagne 1v¥71),
When examining Figure 10, however, A (w,1) is seen to
poak around an exit Strouhal number of 0.25. This
would suggest that the Strouhal number of 0.3
Tepresounts an average over the first two azimuthal
modes which, in fact, comprise 90% of the total
energy. If so, the orthogonal decomposition used here
would seom to have a resl aavantage over the earsier
tochniques in that it can distinguish clearly these
phonomena,

DISCUSSION

The preforence for the 4th, Sth and 6th modes as
soen in Figures 7 and 8 is intriguing. A 6tk lobe
preference (although weak) was seen by Sreenivasan
(1984) at a position closer to the potential core at
x/D=1. A detailed stability analysis for vortex rings
has been carried out by Widanall and Sullivan (1973).
From this analysis the number ot proferentisl lobes is
seon to depond on the circulation as well as on the
ratio of the vortex core¢ radius to the ring radius.

_Neither of these torms are knowvn in the prosent jeot

vith any counfidence but the 6th lobe preference
noticed here is not inconsistant with the results from
Widnall and Sullivan (1973).

An additionsl point of considerable interest is the
fact that the uv azimuthal correlation are strongly
correlated near tho potential core (see Figure 3),
becomo broadband as ome proceeds toward the center of
the mixing layer (see Figure 6), and then become more
correlated as one proceeds toward the outside of the
shoar layer (see Figure 8), Thais indicates either
that the incoherent turbulence is counvected toward the
center of the large struoture, or is gonerated thore.

Amm‘

The previous discussion suggost tne following
mechanism for turbulence production which consists of
four stages. Those four stages are shown in Figure
11. Vortex ring-like concentrations arise from an
instability of the base flow, the inducea velocities
from vortices which have already formoed providing the
porturbation for those which follow. These pairs of
rings then behave like the text book oxamples of
inviscid rings, the rear vortex ring overtakiaug the
vortex ring ahead of it, the roarward vortex being
reduced in radius and tho forward are boing expanded
by their mutual interaction. The rearward ring is
stabilized by the reduction inm its vorticity (by
compression) thus the predominance of the Oth mode on
the high speod side (core region)., The forward ring
bas its vorticity imcreased by stretching as it
oxpands in radius. This narrowing ot its core while
the radius is expanding causes the vortox to become

3



forward one and the now highly distorted ring;
interaction with itself, acoelerates the instability
until its vorticity is now entirely in smzll scale.
motions, in effect an energy cascade from modes 4-6 .
all the way to dissipative scales. This incohorent:
turbulence is swept from the outside where it has boen:
carried, back to the center of the mixing layer as the
still iatact rearvard vortex passes. It is this:
collecting of the debris, both small scale vorticity
and fluid matoerial, which has been reocognized as
*"pairing’’. Thus pairing is not a mechanism as has .
often been claimed, but simply s phenomenon which |

marks the end of the 1ife cyocle of a large eddy. The ’

entire process is repeated as a nev rearvard vortoex |
overtakes and destabilizes the one ahead of it. :

The above sequence is consistent with all of the
observations of this experiment and those of otbers .
(v. Hussain 1986), The oanly missing piece of
intormation is to sxpezrimentally establish the

sequoncing of the events, a task for s future
decomposition which will inoclude the stroamwise ;

variable dependence (i.e. x).

CONCLUSION

The basic festures of the azimuthal large
structure were the same 83 those obtained with the .

streamwise ONLY correlation (Glauser and George,
1986), in particular the stromg correlation and

dominance of the Oth mode near tho potentisl core and
the proeference for the 4th, Sth and 6th modes

slsevhere., This would imply that, as far as the large
scale structure is concerned thst the streamwisc
azimuthal correlations would be an adequate

description, The addition of the Reynolds stress and
radial azimuthal ocorrelatioms, however, give !
additional iansight into what is happening across tho

shoar layer, ia particulaz, the mechanism of the
breakup of the struocture,

Tho sigenspectra extracted using this latest datas -
base show the same basic characteristics as those '
extrascted from the stresmwise only decomposition

(Glauser and George 1986). The shapes of the
particular eigenspectra are essentially identical.
The only measurable difference betwoen the
eigenspectrs is in their zespective amplitudes, those
from the latest data being higher., This is to be
expected because the eigenspeotra are essentiaslly the
total energy integral across the shoar layer, and with
this latest datas there is the additional contribution
to the total energy from the v component of velocity.

A moeochanism for the life cycle of coherent
structures and for turbulemce production inm the
sxisymmetric jet mixing layer has been proposed which
sccounts for the observed phenomens gud is amenable to
dynamical snalysis using the equations of motion, It
~will be interesting to see if the detsils can in fact,
be confirmed by s direct application of the
decomposition to the equations of motion. If so, we
may at long last have a detailed example of Re
stress acts to remove enexgy from the mean flow and
distributes it to all scales of motion,

ACKENOWLEDGEMENTS

This resssazrch was initiated uander support from
the National Scionce Foundation under Grant No.
ENG7617406 and the Air Force Office of Soienmtific
Research under Contract Nos. F4962078C0047 and
F4962080C0053. VWork has continued under NSF Grasnt No,
MSM8316833 and with the suppozt of the NASA traince
program for MNark Glauser at NASA Ames., Ve gratefully
acknowledge the techamical support and ocoantinuing

~>» interest of Parviz Moin at Stanford/NASA Ames,

10

Reysolds |}, -~

LB AYT ) LX) AV aseLe, a&le dle » v VNV, Lo T A AR A da ¥
Turbulence in the Noise-Producing Region of a Circular
Jot. J. Fluid Mech. 19, 591,

Cantwell, B.J, (1981) Organized Motionm in Turbulent
Flow. Ann, Rev. Fluid Mech, 13, 457.

Czrow, S.C., Champagne, F.H, (1971) Orderly Structure
in Jet Turbulence J. Fluia Mecn, 48, 547,

Davies, P.,0.AL,, Barratt, M.J,, Fisher, M.J. (1963)
The Characteristics of Turbulenco in the Mixing Region
of a Round Jet, J, Fluid Mech. 15, 337,

Glauser, M.N., Leib, S.J. and George, W.K. (1985)
Coheront Structures in the Axisymmetric Jet Mixing
Layer, Proc. of Sth Symposium Turbulent Shear Flovw
Conference, Cornell University,

Glauser, M.N., Leib, S.J. and Goorge, W.K. (1987)
Coherent Structures in the Axisymmetric Jet Mixing
Layer, Turbulent Shosr Flows 3, Springer—Verlag,
Graat, H,L. (1958) The Large Eddies of Turbulesnt
Motion, J, Fluia Mech. 4, 149.

Hussain, AK,M.F. (1986) Coheront Structure and
Turbulence, J. Fluid Mech, Yol, 173, 303-356.
Laurence, J.C, (1956) Intensity, Scale and Spectra of
Turbulence in Nixing Regiun of Free Subsonic Jet, NACA
Roeport No. 1292,

Leib, 8.J., Glauser, M.N. and Georgs, W.K. (1984) An
Application of Lumley’'s Orthogonal Decomposition to
the Axisymmetric Turbulent Jet Mixing Layer.
Proceedings 9th Rolla Symposiuam,

Lumley, J.L. (1967) The Structure of Inhomogencous
Turbulent Flows. In Atm, Turb, and Radio Wave. Prop.,
(Yaglom and Tatarsky, ed.) Nauka, Moscow, 166-1,8,
Sroonivasan, KR. (1984) The Azimuthal Correlations of
Velocity and Temperature Fluctuations in an
Azisymmetric Jot. Phys, Fluids 21 (4).

Towansend, AA (1956) The Structure ot Turbulent Shear
Flow (Cambridge University Press).

Townsend, A.A. (1976) 2nd Ed. The Structure ot
Turbulent Shear Flow (Cambridge Umiversity Press).
Widnall, S8.E,, Sullivan, J.P. (1973) Proc. R Soc.
London Ser, A332, 335.

Ryq( :
@)
11 3
-
"
v
]
A 4
;
:
. £ L) e 'n‘.::" ml:l 1.0 1we 100 (LX)

—— (a)
s .
M
3
:
H
: —

. s 1) ”» L I O N T S X}
0L Wurecr
(b)

Figure 1 (a) Ry1(®) at r/D=0.13, x/D=3
(b) Byj(m) at r/D=0.13, x/D=3



UM AR 4% eN  em e

“ = - LY s L B VI R W R
TN 06, .

(a)

s

L3

.3

LY}

L)

(1 £ ) [ ] L2 ] e .. "we (18] »e t 2] a
(b)

Figure 2 (a) Ry5(6) at r/D=0.13, x/D=3
(b) By(m) at r/D=0.13, x/D=3
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Figure 3 (a) R;,(©) at r/D=0.13, x/D=3
(b) Byo(m) at r/D=0.13, x/D=3
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Figure 4 (a) R;y(8) at r/D=0.35, x/D=3

(b) By3(m) at r/D=0.35, x/D=3
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Figure 5 (a) Rzz(e) at r/p=0.35, X/D=3

(b) By;(m) at r/D=0.35, x/p=3
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(b) Bja(m) at r/D=0.35, x/D=3

,m

Bie

1R AN ew o

e .. . ..

- we.p
CIn 0C6

By,(=)

W 0.6% C.5N 0.00 0.0r5 0.000 0.018 6.4 C.ON 0.0

‘-.;- [ X

[ " We s e B NS B
MOOC neca e

()

. Figure 7 (a) Rll(e)»at-r/D-0.46,x/D-3
(b) Byjy(m) at r/D=0.46, x/D=3

10

‘B 4N eW o= ..

.. [ LX) [

(a)

2] »e -s “»e

N o4
TCIMOEE)

e d

._u
»

-
L

L 0D e am em ow

‘<, em om

*5 8 1 2 e »s w.s "e 2] x4 o ne

(b)

Figure 8 (a) Ria(8) at r/D=0.57, x/D=3
(b) Blz(m) at r/D=0.57, X/D=3
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‘The proposed 4 stages of turbulence production.
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